
J Math Chem (2010) 47:1068–1076
DOI 10.1007/s10910-009-9630-5

ORIGINAL PAPER

N-dependence of electronic energies in atoms
and molecules: Mulliken and exponential interpolations

Roman F. Nalewajski

Received: 10 September 2009 / Accepted: 22 November 2009 / Published online: 3 December 2009
© Springer Science+Business Media, LLC 2009

Abstract The unphysical artifact of the Mulliken (parabolic) interpolation of the
dependence of the electronic energy of atoms and molecules on the system average
number of electrons N is identified. To remedy this shortcoming a smooth exponential
interpolation between the energies of the neutral system, its cation and anion is sug-
gested. The trends exhibited by the associated electronegativity and chemical hardness
scales are examined.

Keywords Chemical hardness · Chemical potential · Electronegativity · Electronic
energy · Exponential interpolation of N-dependence · Mulliken interpolation ·
N-discontinuity · Reactivity theory

1 Mulliken interpolation

The grand-ensemble is capable of exhibiting the continuously varying average num-
ber of electrons N assuming both the fractional and integral values. As demonstrated
by Perdew et al. [1–3] in the limit of vanishing absolute temperature T → 0 the
ensemble-average electronic energy for the equilibrium state of a molecular/atomic
system exhibits a piecewise linear behavior shown in Fig. 1a, between the neighboring
integer values {N 0

i } of N. For the free neutral atom/molecule X containing the integer
number N = N0 of electrons the relevant ground states

{
�0

i = � (Ni )
}

mixing with
� (N0) are two singly-ionic states � (N0 + 1) and �(N0 − 1) of the corresponding
anion X− and cation X+, respectively (see Fig. 1). Therefore, the “left” and “right”
slopes of the ensemble-average energy function E(N) (Fig. 1), measuring the biased
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estimates of the chemical potential µX of the neutral system, the negative of the system
electronegativity χX [3–5],

µX = ∂ E(N )/∂ N |N0
= µ(N )|N0

≡ −χX, (1)

when it is known to act as the electron donor (Lewis basis) or acceptor (Lewis acid),
respectively, read:

µ
(+)
X = (EX+ − EX) /(−1)≡ − IX=εHOMO and

µ
(−)
X = (EX− − EX) /1≡ − AX = εLUMO. (2)

Here IX and AX stand for the system ionization potential and electron affinity, and
we have used the Janak theorem [6,7] to identify these estimates as the “frontier”
Kohn-Sham [8] eigenvalues corresponding to the Highest Occupied (HO) and Lowest
Unoccupied (LU) Molecular Orbitals (MO), respectively (see Fig. 1b). This electro-
negativity discontinuity at the zero absolute temperature, called the N-discontinuity,
has profound implications for the donor-acceptor systems [1–3]. Among others, it
enforces the integer number of electrons in products of the chemical-bond dissocia-
tion.

This surprising grand-ensemble result is different from the unbiased finite-
difference estimate ηM of Mulliken [4] (see Fig. 1b) of the chemical potential deriv-
ative, which amounts to the arithmetic average of the biased chemical potentials of
Eq. (2):

µM = µ
(−)
X + µ

(+)
X

2
= − (IX + AX)

2
= ∂ E (2)(N )

∂ N

∣
∣
∣
∣
∣
N0

= µM(N )|N0
. (3)

As indicated in the preceding equation (see also Fig. 1) this average value indeed rep-
resents the N0-value of the derivative of the quadratic energy function E(2)(N) passing
through the points (EX, EX+ , EX−). This Mulliken’s (“radical”) estimate µX ≈ µM
should be applied as the unbiased measure, when we have no advance information
about the donor/acceptor character of the system under consideration relative to its
molecular environment.

Following the familiar ideas of Pearson and Parr [3,9,10] the second derivative of
the energy function E(N), i.e., its curvature,

ηX = ∂2 E(N )/∂ N 2
∣
∣
∣
N0

= ηM(N )|N0
= 1/SX, (4)

is used to measure the chemical hardness ηX, the inverse of chemical softness SX of the
electron distribution in X. Such concept is used in several intuitive rules of chemistry,
e.g., the Hard/Soft Acids and Bases (HSAB) principle of Pearson [10] and related rules
in theory of chemical reactivity.

This hardness derivative of the neutral system X can be estimated by finite dif-
ferences as the derivative of the Mulliken estimate of the neutral system chemical
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(a) (b)

Fig. 1 The average electronic energy E(N ) of the equilibrium (ground) state of the open molecular sys-
tem X at the absolute-zero temperature, T = 0 K, as function of the (grand-canonical) ensemble-average
number of electrons N (bold solid line in Panel a) and the chemical potential (µ) and chemical hardness
(η) estimates it implies. In Panel b the associated Kohn-Sham (KS) orbital interpretations are given. The
Mulliken estimate of the chemical potential, µM = ∂ E(2)(N )/∂ N , measures the derivative of the quadratic
function E(2)(N ) obtained by parabolic interpolation of the ground-states of the neutral system X, its anion
X−1 and cation X+1, shown as the pointed-broken line in the diagram a. Its second derivative (curvature)
ηM = ∂2 E(2)(N )/∂ N 2 measures the system chemical hardness. This quadratic function generally exhibits
the minimum for the fractionally charged anion, N0 < N < N0 + 1. The smooth exponential interpolation
(bold broken line) does not produce this qualitatively incorrect behavior. The “left” and “right” derivatives

µ
(+)
X and µ

(−)
X of E(N ), for d N ≡ N − N0 < 0 and d N > 0, respectively, are not equal at T = 0

K, thus giving rise to the N-discontinuity of the system chemical potential µ(N ) = ∂ E(N )/∂ N at the
integer N = N0, which identifies the neutral system X. As indicated in Panel b of the figure these chemical
potential derivatives for the system acting as the Lewis acid or base, respectively, can be identified with the
corresponding frontier KS orbitals by using Janak’s theorem, while the system chemical hardness measures
the energy gap between them

potential [Eq. (3)], resulting from the parabolic interpolation between (EX+ , EX, and
EX−) (see Fig. 1a),

ηM = ∂ E (2)(N )

∂ N 2

∣
∣
∣
∣
N0

= ∂µM(N )

∂ N

∣
∣
∣
∣
N0

= EX− + EX+ − 2EX = IX − AX. (5)

It should be observed that this energy difference measures the energy of the dispropor-
tionation reaction, of the simultaneous reduction and oxidation of X: 2X→ X++X−.
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∆E(2)(∆N)

XI

µM(−½) = − XI = )(
X

+µ

    0 µM(½) = − XA = )(
X

−µ
XA                                                   

∆N

−½ 0 +½

Fig. 2 The parabolic interpolation of Mulliken reproduces the biased chemical potentials µM(�N ) =
∂�E(2)(�N )

∂�N = µM + ηM�N at the ionic transition states corresponding to �N = �N TS
M = ±1/2

The Mulliken parabolic interpolation of the energy displacements relative to EX,

�E (2)(�N ) = µM�N + 1

2
ηM(�N )2, �N = N − N0 (6)

around the ground-state energy �E (2)(0) = 0 of the neutral atom/molecule X, fits
the energy displacements corresponding to the system cation, �E (2)(−1) = IX, and
anion, �E (2)(1) = −AX. As shown in Fig. 2 this smooth energy function exactly
reproduces the biased chemical potentials of Eq. (2) at the ionic transition states (TS),
corresponding to �N TS

M = ±1/2.

This energy function exhibits the minimum value (see Fig. 1a)

�E (2)(�Nmin.) ≡ �E (2)
min. = − µ2

M

2ηM
= − (IX + AX)2

2(IX − AX)
< 0, (7)

at the optimum amount of an external charge transfer (CT),

�Nmin. = −µM

ηM
= IX + AX

2(IX − AX)
> 0, (8)

determined from the equilibrium condition:

d�E (2)(�N )

d�N
= µM + ηM�N ≡ µ(2)(�N ) = 0. (9)

123



1072 J Math Chem (2010) 47:1068–1076

Therefore, when 3AX < IX this formula gives unphysical result of 0 < �Nmin. < 1,
thus predicting positive chemical potential of the stable anion,

µ(2)(1) = 1

2
(IX − 3AX) = µ

(2)

X− > 0, (10)

which is diagnosed as being unstable relative to the optimum CT-intermediate of
Eq. (8).

A reference to Table 1 shows that this is more a rule rather than an exception (see
Table 1), so that this shortcoming often affects predictions of electronegativity and
hardness descriptors of electronic gas in atomic and molecular species. In the fixed-
curvature (parabolic) scheme of Mulliken this gives rise to severely overestimated
values of both these parameters. It is the main purpose of this work to explore the
alternative, exponential interpolation scheme, which guarantees the negative values of
chemical potential for stable anions, and exhibits the intuitively expected variations
of chemical hardness with the system oxidation state.

2 Exponential interpolation

An alternative continuous interpolation of the N-dependence of the system energy is
provided by the exponential function

�E (e)(�N ) = α + β exp(γ�N ), (11)

where the condition �E (e)(0) = 0 implies: α = −β. Fitting the remaining two param-
eters on the remaining conditions �E (e)(−1) = IX and �E (e)(1) = −AX finally
gives:

�E (e)(�N ) = IX AX

AX − IX

[

1 −
(

AX

IX

)�N
]

. (12)

This formula predicts the following chemical potential and hardness functions:

µ(e)(�N ) = − IX AX

IX − AX
ln

(
IX

AX

)(
AX

IX

)�N

< 0, (13)

η(e)(�N ) = IX AX

IX − AX

[
ln

(
IX

AX

)]2 (
AX

IX

)�N

> 0. (14)

The negative character of µ(e)(�N ) follows from the convex nature of the energy [3]:
IX > AX .

Therefore, this continuous interpolation always generates the physical, negative val-
ues of the chemical potential, for both the stable neutral and ionic species. It implies that
atomic/molecular systems become more electronegative with increasing net charge
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q = −�N :

µ(e)(−1) = I 2
X

IX − AR
ln

(
AX

IX

)
= µ

(e)
X+

< µ(e)(0) = IX AX

IX − AX
ln

(
AX

IX

)
= µ

(e)
X

< µ(e)(1) = A2
X

IX − AX
ln

(
AX

IX

)
= µ

(e)
X− . (15)

Equation (14) also correctly predicts that electron distributions in atoms and molecules
become harder with increasing ionization:

η(e)(−1) = I 2
X

IX − AX

[
ln

(
AX

IX

)]2

= η
(e)
X+

> η(e)(0) = IX AX

IX − AX

[
ln

(
AX

IX

)]2

= η
(e)
X (16)

> η(e)(1) = A2
X

IX − AX

[
ln

(
AX

IX

)]2

= η
(e)
X− .

These mutual relations can be summarized in terms of the following ratios:

µ
(e)
X+/µ

(e)
X = µ

(e)
X /µ

(e)
X− = η

(e)
X+/η

(e)
X = η

(e)
X /η

(e)
X− = IX/AX

= µ
(e)
X (−1/2)/µ

(e)
X (1/2) = µM(−1/2)/µM(1/2) > 1. (17)

Therefore, the exponential interpolation preserves the ratio of the Mulliken electroneg-
ativities for the cation and anion TS.

3 Results and discussion

In Table 1 we have compared representative results of the parabolic and exponential
interpolations for selected atoms and molecules exhibiting stable anions, for which the
Mulliken descriptors have been reported [3]. A few experimental values of the chem-
ical potential and hardness ratios appearing in the preceding equation are also listed,
to be compared with the IX/AX factor predicted by the exponential scheme. This
analysis indicates that the latter is indeed of the same order as the relative increases in
the electronegativity and hardness parameters due the system ionization, thus semi-
quantitatively validating Eq. (17).

The �Nmin. and �E (2)
min. entries of the table confirm the negative electronegativ-

ity feature predicted for the anions by the parabolic interpolation, with only a single
exception of SeH being detected, for which �Nmin. > 1. In the remaining cases the
energy minimum appears in the region of fractional negative charge, 0 < �Nmin. < 1.
It is seen to lie below the (−AX ) level, as shown in Fig. 1a, thus confirming the negative
electronegativity of the anion predicted by the parabolic fit.

123



1076 J Math Chem (2010) 47:1068–1076

A comparison between the corresponding electronegativity values for neutral spe-

cies, χX = −µX , as predicted by the two interpolation schemes,
{
−µM, − µ

(e)
X

}
,

reveals that the Mulliken slopes are indeed severely overestimated, compared to a more
physical exponential predictions. In a given period of elements both electronegativity
scales are seen to exhibit the highest values for halogens. However, while the Mulliken
scheme predicts a steady increase in atomic electronegativity with increasing group
number, the exponential scale exhibits the period minimum value at about Group 3.
Both electronegativity scales correctly predict a diminishing trend in the given group,
with increasing period (size) of the atom.

It is also of interest of examine the values of the exponential charges, for which the
chemical potential function of Eq. (13) reproduces the biased chemical potentials of
Eq. (2). The corresponding displacements read:

�N (e) = ± IX − AX

AX

/
ln2

(
IX

AX

)
. (18)

Although the exponential interpolation preserves the ratio of the TS-electronegativities
of Eq. (17) these displacements exceed the physical meaningful range �N = ±1.

The inflated, N-independent curvature ηM of the parabolic interpolation, due to the
unphysical energy minimum at a fractional negative charge, is also seen to strongly
exceed a more physical N-flexible hardness η

(e)
X of the exponential scheme, with two

schemes generally exhibiting a similar, monotonically increasing trend with increas-
ing group number, within the given period of elements. As intuitively expected, for
the fixed group number both hardness descriptors are monotonically decreasing with
the increasing size of an atom.

References

1. J.P. Perdew, R.G. Parr, M. Levy, J.L. Balduz, Phys. Rev. Lett 49, 1691 (1982)
2. P. Perdew, in Density Functional Methods in Physics, ed. by R.M. Dreizler, J. da Providencia, (Plenum

New York, 1985), p. 265
3. R.G. Parr, W. Yang, Density-Functional Theory of Atoms and Molecules (Oxford University Press, New

York, 1989)
4. R.S. Mulliken, J. Chem. Phys. 2, 782 (1934)
5. R.P. Iczkowski, J.L. Margrave, J. Am. Chem. Soc. 83, 3547 (1961)
6. J.F. Janak, Phys. Rev. B 18, 7165 (1978)
7. R.M. Dreizler, E.K.U. Gross, Density Functional Theory: An Approach to the Quantum Many-Body

Problem (Springer-Verlag, Berlin, 1990)
8. W. Kohn, L.J. Sham, Phys. Rev. A 140, 1133 (1965)
9. R.G. Parr, R.G. Pearson, J. Am. Chem. Soc. 105, 7512 (1983)

10. R.G. Pearson, Hard and Soft Acids and Bases (Dowden, Hutchinson and Ross, Stroudsburg, 1973)

123


	N-dependence of electronic energies in atoms and molecules: Mulliken and exponential interpolations
	Abstract
	1 Mulliken interpolation
	2 Exponential interpolation
	3 Results and discussion
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice




